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A wave approach is used to determine the attenuation of vertical bending vibrations along
an infinite railway track. An innovation is the inclusion of the effects of the second rail, and
particularly the “mode” defined by its phase delay with respect to the vibrations of the first
rail. This “mode” could refer to the two rails vibrating symmetrically (in-phase) or
antisymmetrically (out-of-phase), for example. The results show that this “mode” shape can
strongly influence the attenuation at some frequencies. A small parametric study provides
results on the effect of some track design parameters on the attenuation behaviour.
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1. INTRODUCTION

The track is the main source of radiated noise below about 1250 Hz, and a significant source
up to 2000 Hz [ 1], from train pass-byes at all but the highest speeds (about 300 km/h [2]).
Consequently, some considerable effort has been made in the predictive modelling of rail
vibrations.

Vibration is excited in a rail because of some process involving interaction with the
railway wheels; the process could be rolling with surface roughness, wheel impact against
a rail joint, etc. Once in the rail, it propagates away from the wheel area, as “structure-borne
sound”, which decays with distance (from the source area), mainly by entering into the
sleepers and ballast where the losses are high. Finally, the vibrating track radiates airborne
sound to the wayside, to an extent which depends on the attenuation (spatial decay rate) in
the track [3]. The focus here is on the second of these three steps: propagation, and more
specifically on the in-track attenuation.

To further delimit the subject area, attention is (mostly) restricted to the far field region of
the vibration source. The bending near field of the wheel contact point, a zone of initially
rapid decay away from the source, is discussed very little. In the far field, the attenuation
may be described by an “attenuation constant” a, which is the exponential decay rate with
distance along the track. Additionally, the analysis is restricted to vertical bending
vibrations.

Indeed, models already exist to describe vibrations in railway track, including both
advanced time-domain models, such as references [4, 5], as well as frequency-domain
models such as in references [ 6-13]. The innovation provided here, in light of these existing
models, is the use of an efficient transfer matrix approach in the frequency domain for
a track with discrete, flexible sleepers, and taking account of the second rail, which is shown
to be of some significance. Reference [6] has flexible sleepers, and coupling of the two rails,
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but the rail is continuously supported. Reference [ 7] has discrete, flexible sleepers, but does
not take the second rail into account. The other frequency-domain models listed had
lumped element models for the sleepers, discrete in some cases, and did not couple the two
rails. The significance of the beam-like character of the sleepers is well demonstrated in
reference [ 7] by the appearance of low-attenuation bands at frequencies corresponding to
sleeper modes, and in reference [6] by maxima of sleeper displacements and strains at these
frequencies.

2. METHOD

The model is formulated by regarding, in sequence, (1) the geometric and physical
description of the track, (2) the waves and decaying near fields into and out of a “junction”
(intersection between a rail and a sleeper) in all directions, (3) the physical conditions of
continuity and connectedness at the junctions, (4) conditions connecting the junction to the
rest of the track and (5) methodology for obtaining the attenuation.

2.1. GEOMETRY AND PHYSICAL DESCRIPTION

The physical model of the track, and the co-ordinate system, is given in Figure 1. The rail
and sleeper are modelled as Timoshenko beams, with hysteresis losses provided by complex
bending stiffnesses. The pad is a lumped stiffness with hysteretic damping (complex
stiffness). The ballast is a locally reacting Winkler foundation with viscous losses. The

Pad
(lumped stiffness with losses)

J \ . Rail (infinite beam with losses) ] 6 >

Ballast
(locally reacting, continuous,
\‘ visco-elastic foundation)

Figure 1. Physical model and co-ordinate system.
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symbols for physical parameters of the track, as well as reference values used in calculations,
are given in Appendix B (for a typical Swedish light track with UIC-50 rails).

One can conceive of refinements to this physical model, such as, for example, rotational
pad stiffnesses, varying sleeper cross-section, or alternative damping models. Using
a reasonable ratio of rotational-to-translational pad stiffness, however, and the frequency
range considered in this paper, a quick calculation shows that the power supplied to the rail
by the moment reaction at a pad is at least an order of magnitude less than that supplied by
the force reaction. It seems therefore justified, in a simple model, to ignore the rotational
pad stiffness. Similarly, the bending stiffness of a typical Swedish concrete sleeper varies by
at most about 25% along its length, giving only about 6% variation in the (Bernoulli)
bending wavenumber. Wooden sleepers vary even less along their length. The combination
of damping models selected (viscous for the ballast, hysteretic elsewhere) was found in
reference [7] to give the best results.

2.2. WAVES

Attention is given to a junction. Four regions (“approaches”) are defined (see Figure 2):
A rail, left of the junction; B rail, right of the junction; C sleeper, inside the rails and
D sleeper, outside of the rails.

At each approach point (A4, B, C, D), the displacement z consists of four terms: two

+ kx

oscillating (e * **-type) and two decaying (e ***-type). This gives a total of 16 complex
amplitudes per junction, the elements of w:
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Figure 2. Waves and near fields at junction. Breakdown of displacements in z direction at points 4, B, C, D into
waves and near fields (with amplitudes in w). Odd (even) subscripts: bending waves (near fields).
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in which use is made of k.5 = k,1, k,y = — ik,,, ksg = kg, and kgy = — 1kg, where k,q, kv,

ksi, and kg, are the Timoshenko-theory bending wavenumbers for the rail (subscript r) and
sleeper (subscript S), which are solutions to [14]
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selecting subscripts 1 and 2 such that k. ~Re(k.) >0, k., ~Im(k,,)<O,
ks =~ Re(ksy) > 0, and kg, ~ Im(kg,) < 0 (the ~ due to losses). The frequency is assumed to
be low enough such that the Timoshenko theory only gives one propagating solution (for
each of the rail and the sleeper).

The Timoshenko-theory slope 0 4, bending moment M 4, and shear force F 4 are related at
A to the displacement z, by (writing in such a form that the Euler-Bernoulli theory is
recovered by keeping only the first terms on the right-hand sides):

aZA 1 529A
=44 _ — (B —2+ Muw? 7
O 0x + G,A,t,( " ox? + M0y ), g
do M
M, =B, d—; F,=— dxA — M,w?0,. (8, 9)

For points B, C, and D, simply replace the subscript 4; for C and D, subscript S
replaces r.

The four components of the displacement (at any approach A4, B, C, or D) may be
interpreted physically as two bending waves and two near fields (see Figure 2). Thus, the
figure introduces the symbols of straight arrows for bending waves and arrows with
a “decaying curve” for near fields. The arrowhead indicates the direction of the bending
wave propagation or of the nearfield decay. The subscripts for the elements of w may seem
oddly selected, but are, nevertheless, systematic in a way which is convenient for later use:
(i) odd subscripts are for bending wave amplitudes, and even for nearfield vibrations;
(i) subscripts < 8 indicate either a wave incident on the junction, or a near field which
decays in a direction approaching the junction; a subscript > 8 indicates a wave departing
from (i.e., transmitted or reflected) the junction or a near field decaying away from the
junction; (iii) within each group of eight the first four subscripts pertain to the rail, and the
last four to the sleeper.
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2.3. JUNCTION CONDITIONS

Eight continuity and equilibrium conditions apply at a junction, and are collectively
designated “junction conditions”:
Continuity of rail displacement across junction:
24 = Zg. (10)
Continuity of sleeper displacement across junction:
Z¢c = Zp. (11)
Continuity of rail slope across junction:
0,4 =05g. (12)
Continuity of sleeper slope across junction:
Oc = Op. (13)
Equilibrium of rail moments across junction:
M, = Mj. (14)
Equilibrium of sleeper moments across junction:
M = Mp. (15)
Equilibrium of rail shear force across junction:
K%[z4 — zc] = Fy — Fp. (16)
Equilibrium of sleeper shear force across junction:
K3[z4 — zc] = Fc — Fp, (17)

where F, M, 0 and z are functions of w as indicated in equations (1)-(4), (7)-(9). These
equations are repeated explicitly in terms of the amplitudes w in Appendix A.

2.4. JUNCTION INTERACTION WITH THE TRACK

2.4.1. Connection of junction to free end of sleeper

The sleeper has a free end at a distance y, from D. Thus, amplitudes w;s and
wye represent reflection of w, and wg there, with free-end boundary conditions, as well as
decay and phase shift due to the double traverse of the distance y, along the sleeper:

Wis = éggW7 + EnpWs, Wie = EpyW7 T EnnWs, (18, 19)
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where the complex “propagation-reflection” factors are (B is the bending wave, N the near
field):

ENN = ie—st.vyo, eng = (1 + i)e_(ik58+ksw))’o, (20, 21)

gy = (1 — D)o Gt g o jo~2ikon, (22, 23)

2.4.2. Connection of junction to the opposite side of the track

Next, the influence of the second rail may be incorporated. Consider a second rail-sleeper
junction across the track from the junction we have considered until now. This is located at
y = Ly — 2y,, referring to the geometry defined in section 2.1. This second junction (call it
the “mirror junction”), has a 16-element vector of wave amplitudes analogous to w of the
first junction; call this w'. Furthermore, let w’ be defined according to the “mirror” principle:
such that w} has the same direction as wj, forj = 1,...,4,9, ..., 12 (i.e,, waves/near fields on
the rail), while w} has the opposite direction to w;, forj =5, ...,8,13,...,16 (i.e., waves/near
fields on the sleeper). Using this definition, one may then write an “assembly condition”
joining the two halves of the track together:

—iks(Lx—Zyo)’ w/14 — Wée—ks(Ls—Zyw’ (24, 25)

Wiz = wse
where the exponential terms represent decay and phase shift due to propagation across the
track (from y =0 to Ly — 2y,).

The presumed excitation source of the track is the wheelset. It acts on both rails
simultaneously, and its motion may be some combination of vertical and rolling rigid-body
motions, as well as symmetric and antisymmetric bending mode shapes. Additionally, the
track structure is symmetric with respect to its centreline. Thus, track modes will be excited
in which the two rails vibrate with the same magnitude, but are possibly phase shifted. Thus,

Wi3 = PWis, Wig = PWia, (26, 27)

where ¢ is a complex constant satisfying |¢| = 1, which gives a phase shift ¢ between the
rails, where ¢ = ¢'*. Other motions, such as apparent independent vibration of a single rail,
may be treated as summations of independent track modes.

Combining equations (25-28) gives

wyz = (pws, Wi = (W, (28, 29)
where we use the complex “propagation constants”
(= pe b2, (= o htk 2 (30, 31)

One may simply regard ws and wg as propagating away into an infinite sleeper, while
wys and wy, are contributed by a vibration source on the sleeper at y = L, — 2y, (i.e.,
below the second rail). Observe that w3 and w4 do not represent reflections of ws and w.
Instead, they are from a source which is identical to the considered junction (except for the
phase shift ¢ ).

The arbitrary complex constant ¢ can be regarded as representing the “track mode” (e.g., if
the two rails are vibrating in antiphase, this is ¢ = — 1; if in phase, ¢ = + 1). Other values
of ¢ are possible as well, and may be appropriate in practice. In fact, the track mode is
determined by the excitation mechanism at the wheel, which is outside the subject area of
this paper. For rolling noise, for instance, roughness on the two rails is likely to be
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uncorrelated, so that both symmetric and antisymmetric modes are excited. Since they do
not decay with the same attenuation however, one will dominate further along the track,
and the net decay will not actually be exponential. For parametric excitation at the sleeper
passing frequency, due to the periodic stiffness variation of the track (from the discrete
support provided by the sleepers) [15], a symmetric track mode will be excited. A wheel flat
on one wheel, as a third example, would give an equal combination of symmetric and
antisymmetric excitation.

2.4.3. Connection of junction to adjacent junctions on the rail

A second subscript is applied to the elements of vector w, and which indicates the junction
(numbered along the track, increasing in the positive x direction) at which w is evaluated.
The Floquet assumption is now made that the decay along the track is exponential:
W, j+1 =€ ‘% w, ;. Thus, noting that outgoing waves/near fields at junctions j + 1 and
j — 1 propagate to junction j (e.g., wz at j + 1 propagates leftwards to j, where it enters as

Wo, etc.):

—a.—ib . _ a—a.—ib
Wo j = YpW3,j+1 =€ ‘€™ "ppw3 j, Wio.j = PNWa.j+1 =€ ‘e yywaj, (32, 33)
ib, . _ a.ib
Wi = V8W1,j—1 = €%eVypwy j, Wiz j = YNW2 j—1 = €'€"pywa j, (34, 35)
where yp = ¢ ¥+l and yy = e "L represent the decay and phase shift of a wave (or nearfield

vibration) across the distance L between two adjacent junctions.

2.5. SOLUTION METHODOLOGY

Equations (A1)-(A8), (18), (19), (28), (29) and (32)—(35) provide a homogenous (16 x 16)
matrix equation which is satisfied for particular values of g = a + ib. The lowest such
positive value of a is the far field attenuation constant (per sleeper). A larger value of a gives
decay in the source near field. Although the attenuation per sleeper is calculated directly, all
results are presented as attenuation per metre.

3. RESULTS

All results, except as indicated, are for a typical Swedish light track on UIC-50
rails, referred to as the “reference track”, and for which parameters are provided in
Appendix B.

3.1. ASYMPTOTIC BEHAVIOUR

Asymptotic behaviour, at the limit of very stiff or very compliant support of the rail, is of
interest because simple solutions for ideal cases are available to provide a verification of the
wave method.

Figure 3 shows that the wave method result approaches the periodically pinned beam
result (as in reference [16]) when the pad and foundation are made very stiff. Since the
solution in reference [16] is for a Euler-Bernoulli beam, the Euler-Bernoulli models were
also used in the wave method.

As the pads, on the other hand, become very soft, the attenuation approaches that of
a free infinite beam with decay due to material losses only: a » — Im(k,p), see Figure 4. At
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Figure 3. Asymptotic behaviour of the wave method for a firm foundation. ——, wave method (Euler-Bernoulli
rail and sleeper) with K, = 1 x 10! N/m, Mg = 1 x 10* kg/m; ——, periodic pinned beam (period L and bending
stiffness B,) solution by method of [16]; ——--- , wave method (Euler-Bernoulli rail and sleeper) with
K; =1x10'2 N/m, Mg = 1 x 10° kg/m.
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Figure 4. Asymptotic behaviour of the wave method for soft pads. ——, wave method with K, = 5x 10° N/m;

, decay by hysteresis losses only in a Timoshenko beam with bending stiffness B, and loss factor 7.

the lowest frequencies, for which the pad (as a “spring”) has high impedance (i.e., K./iw is
large), the deviation is still significant for the pad stiffness used. For a reduction of two more
orders of magnitude, however, the two curves become indistinguishable above 10 Hz (not
shown).
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3.2. COMPARISON TO NUMERICAL RESULTS

For purposes of comparison, with more typical track component stiffnesses, a finite
difference model of a finite track is used; this numerical model is detailed in reference [17]. It
is based on the same physical model of the track, for the special case of Euler-Bernoulli
models of the rail and sleeper, so that the comparison only provides a verification of the
formulation, not the physical assumptions. The finite difference method is rather
computationally intensive. Certainly, there are more sophisticated and efficient numerical
methods than this one, but, since its use is limited to providing a one-time verification of the
reasonableness of the wave propagation results, it is adequate. Figure 5 shows the predicted
attenuation for the track detailed in Appendix B, with symmetric track mode, using both
the wave method and the finite difference method (50-sleeper track). The same behaviour is
predicted by both methods, but the finite difference method gives a higher attenuation
below about 400 Hz (although the shape of the curves is the same). One calculation is
carried out at 250 Hz, however, in which there are 100 sleepers. This result is in good
agreement with the wave method. This suggests that the deviation between the two curves is
due to the finite length of the track in the finite difference method, which, at low frequencies
is too short.

3.3. COMPARISON TO FIELD MEASUREMENTS

Figure 6 compares the wave method predictions with measured results from a “Banklass
1” track near S6derhamn, Sweden. Such a track consists of UIC-60 rail and heavy concrete
sleepers in stone ballast.

A single 11-g accelerometer was mounted to the rail foot (oriented vertically by use of an
angle block). A hammer with a force transducer was then used to strike the rail head at two
excitation points separated by a distance corresponding to four sleeper bays. Attenuation
was determined from the difference in frequency response amplitude between the two
excitation points. The measurement point and the hammer blows were on only one rail, so
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Figure 5. Comparison of wave method to a numerical result for symmetric track vibrations. ——, wave method
(Euler-Bernoulli special case) with B, = 3244 500 N m?; ——, finite difference method with B, = 3244 500 N m?,

50-sleeper track; A, finite difference method with B, = 3244 500 N m?, 100-sleeper track.



866 R. HILDEBRAND

10-000

1-000

0-100

Attenuation constant a(/m)

0-010

0.00 1 1 1 1 1 1
0 200 400 600 800 1000 1200

Frequency (Hz)

Figure 6. Comparison of wave method to field measurements. ——, wave method for UIC-60 track, symmetric
vibration; , wave method for UIC-60 track, antisymmetric vibration; A, measured results from Swedish
Banklass 1 track.

that, unfortunately, it is not possible to reconstruct the relative amplitudes of symmetric
vibration and antisymmetric vibration (at the time the measurements were made, their use
in the present context was not anticipated). The track, measurement conditions, and
measurement technique are more fully detailed in reference [18].

The predicted results are based on typical track component parameter values for
Banklass 1 track, since site-specific data were not available. The values differing from those
of the reference track are [19]: B, = 48 x 10° Nm?, K, =200 MN/m, M, = 60-3 kg/m,
A, =7686x10"*m? I, = 30-55x 10" ° m*.

The comparison indicates that the prediction was acceptable up to 1200 Hz, but most
especially at low frequencies. At high frequencies the attenuation is low, so that the
measured amplitude differences between the two transducers are small. This makes the
measured decay sensitive to noise. Accordingly, considerable scatter is observed.

It is also noted that, although both symmetric and antisymmetric vibrations should have
been excited by the hammer blows, the experimental data most often follows the curve
which indicates a lower attenuation. A plausible interpretation is that the more highly
attenuated mode decays so much before reaching the transducer that the weakly attenuated
mode dominates there (for blows at both excitation points).

3.4, EVALUATION OF SOME ASPECTS OF THE PHYSICAL MODEL

Predictions of attenuation in the reference track will now be used to illuminate the
significance of some aspects of the physical model: track mode, choice of beam theory, and
discreteness of the sleepers.

Attenuation predictions for both symmetric and antisymmetric vibrations are presented
in Figure 7. As was even the case in Figure 3, the attenuation is high at low frequencies and
low at high frequencies, with the transition occurring at about 860 Hz (at 930 Hz in Figure
3, because of the Euler-Bernoulli model there). This is the frequency at which a simply
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Figure 7. Attenuation prediction for Swedish light track. ——, symmetric track mode; ——, antisymmetric
track mode; - - - -—- , vibrations with remote rail detached.

supported finite beam of length equal to the sleeper spacing L, and bending stiffness B,,
would have its first mode (the so-called “pinned-pinned” frequency).

With the more complicated model represented by Figure 7, however, more complicated
behaviour is also predicted. Such behaviour can be attributed to the dynamic behaviour of
the track components under the rail: the pads, sleepers, and ballast (which are ignored by
the periodic pinned beam solution). There are three symmetric (at 127, 579 and 1230 Hz)
and three antisymmetric (at 327, 880 and 1595 Hz) sleeper bending resonances in the
considered frequency band. There is also a rigid-body resonance of the rail mass on the pad
at about 612 Hz (“pad resonance”), and of the sleeper-plus-rail mass on the ballast at about
104 Hz (“ballast resonance”). The ballast resonance and the first (symmetric) sleeper
bending resonance are so close together, that, with the damping provided by the ballast,
their respective influences on the attenuation are indistinguishable.

Attenuation minima for symmetric vibrations occur at frequencies corresponding to
symmetric sleeper resonances. For antisymmetric vibrations, these occur at antisymmetric
sleeper resonances. These minima become less pronounced and eventually insignificant as
the frequency becomes very high. Moreover, both symmetric and antisymmetric vibrations
have an attenuation minimum at the ballast resonance. The first symmetric sleeper
resonance, at nearly the same frequency, must have an insignificant effect in comparison,
since both track modes have an attenuation minimum of about the same magnitude. The
breadth of the second attenuation minimum, for the symmetric vibration, is also partly due
to the pad resonance.

The difference in attenuation between the symmetric and antisymmetric cases can be
significant at some frequencies. Near 700 Hz, for example, the figure predicts a difference in
the attenuation constant of about 0-8/m, which corresponds to 7 dB/m additional
attenuation (for the symmetric case, compared to the antisymmetric). The effect of track
mode requires the incorporation of two rails into the model, as in the wave method.
Figure 8 confirms that the wave propagation model agrees with the results of reference [7]
when the second rail is detached (by replacing equations (15) and (16), in which the second
rail acts as a source, with equations for a free reflection of ws and wg at the far end of the
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Figure 8. Attenuation in a track with the remote rail detached. ——, wave method (Euler-Bernoulli) with
mirror source replaced by a simple reflection at the far end of the sleeper; ——, method of reference [7], with

identical physical parameters.
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Figure 9. Attenuation predictions with variations of the physical model. ——, “continuous” track, Timoshenko
models (wave method with L = 0-065 m, and values of K, Bs, Is, As, Mg, Kg, Cs reduced by one order of
magnitude with respect to the reference track); ——, discrete track, Timoshenko models; - - -—— , discrete track,
Euler-Bernoulli models.

sleeper). Providing such a case in Figure 7, also, it is evident that a model incorporating only
one rail will sometimes overpredict attenuation, and by extension, underpredict the
radiated noise.

The effect of the discreteness of the sleepers can be seen in Figure 9, which compares
a continuous track to the discrete one; the continuous track would correspond to the
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physical model of reference [6]. The “continuous” track here is actually modelled by
allowing L to become very small, while holding ratios K_/L, Bs/L, Is/L, As/L, Ms/L, Ks/L,
and Cg/L constant. The main differences are near the pinned-pinned frequency, and in the
band immediately above that.

Figure 9 also provides a comparison of the Timoshenko and the Euler-Bernoulli models.
The location of the pinned-pinned frequency is the main difference.

3.5. PARAMETRIC STUDY

Figures 10-13 provide results of a small parametric survey, by comparing the reference
track (the same as in Figure 4) with a track in which some design parameter is altered. The
design parameter altered is pad stiffness (Figures 10 and 11), sleeper spacing (Figure 12), or
sleeper length (Figure 13). All results are for symmetric track mode. Evidently, all of these
parameters have a strong influence on the attenuation.

Increasing the pad stiffness (Figure 10) is seen to increase considerably the attenuation at
high frequencies, above the pinned-pinned frequency. At low frequencies, there is a more
modest attenuation increase, since the pad has a high impedance (oc w™!) in any case.
A stiffer pad more firmly attaches the rail to the track below, and leads much energy down
into the sleepers and ballast, where the losses are high. There is also increased dissipation in
the pad itself. This echoes the results of reference [3] to the effect that a stiffer pad reduces
the rail’s “effective radiating length” (and, in consequence, the wayside noise); “effective
radiating length” is used in reference [3] as a measure of attenuation, such that the smaller it
is, the greater is the attenuation. It should be realized, however, that indefinitely increasing
the pad stiffness will not continually give corresponding increases in attenuation. Figure 11
shows that the attenuation tends to a limit, so that the rail may at some point be regarded as
“pinned” to the sleeper.

The pinned—-pinned frequency itself, as can be seen, is independent of the pad stiffness. It is
a function of the sleeper spacing L and of the rail bending stiffness B,.
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Figure 10. Effect of pad stiffness on attenuation. ——, K, = 250 MN/m; ——, K, = 500 MN/m (reference

track); -———-— , K; = 1000 MN/m.
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Figure 11. Effect of pad stiffness of attenuation. , 400 Hz; ——, 800 Hz; - - ———— , 1200 Hz.
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Figure 12. Effect of sleeper spacing on attenuation.——, L = 0-4 m;——, L = 0-65 m (reference track); - ———- R

L=1m.

The sleeper spacing effects the attenuation curves because it shifts the pinned-pinned
frequency, whereas the various minima and maxima explainable by sleeper resonances and
antiresonances remain unchanged. For the track considered, a change of the sleeper spacing
in either direction, away from L = 0-65 m, increases the attenuation around 860 Hz, by
shifting away the pinned-pinned resonance. The pinned-pinned frequency is clearly seen at
400 Hz for the case L = 1 m, as is the second pinned-pinned frequency at 1310 Hz. For the
case L = 0-4 m, it is shifted to just outside of the plot (to 1840 Hz). It is also clear from the
figure that, in a broadband sense, attenuation tends to decrease with increasing sleeper
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Figure 13. Effect of sleeper length on attenuation. , Ly = 1'5m (no overhang); ——, Lg = 2-5 m (reference

track); -————-— ,Lg=35m.

spacing. There are fewer reflecting—transmitting obstacles (i.e., the sleeper-rail junctions)
over a given distance of track if the sleeper spacing is greater.

Moreover, the ballast resonance slightly decreases as L increases (observe the slight
downward shift in the frequency of the first attenuation minimum with increasing sleeper
spacing). While the stiffness under a single sleeper is constant, there is an increase in the
length of rail supported above each sleeper. This effect is only slight, since the sleeper mass is
much greater than the supported section of the rail in any case.

One also expects a decrease in the pad resonance with increasing L, again due to the
increase in rail mass above each pad. Since the sleeper mass is not involved, the change
should be greater than for the ballast resonance. Indeed, this is borne out by the
considerable frequency shift of the second attenuation minimum when going from L = 0-4
to 0-65 m. Nevertheless, it does not occur for the further increase to L = 1 m (in fact, there is
a shift in the opposite direction).

For the sleeper length, Figure 13, the pinned-pinned frequency is unaffected (since it is
only a function of the sleeper spacing), but the sleeper resonances and antiresonances shift,
and thus also the various minima and maxima attributable to them.

4. SUMMARY AND CONCLUSIONS

Efficient predictions of attenuation in railway track are obtainable by a method based on
the solution of wave (and near field) amplitudes at sleeper-rail junctions in an infinite track.

An important conclusion is that the attenuation is strongly dependent on the relative
phase of vibration between the two rails, i.e., the “track mode”. Antisymmetric vibration
tends to have low attenuation bands at antisymmetric sleeper modes, while symmetric
vibration has them, instead, at symmetric sleeper modes. A model lacking the second rail
will, at some frequencies, overpredict the attenuation.

The attenuation depends also on track design, notably pad stiffness, sleeper spacing, and
sleeper length.
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APPENDIX A: JUNCTION EQUATIONS EXPLICITLY IN TERMS OF w
— Wy — Wy + W3 + Wy — Wg — Wig+ Wiy +wyp =0, (A1)
Ws + We — W7 — Wg + Wiz + Wiy — Wis — Wi =0, (A2)
i(kep — xep)W1 + (ken — 2en)W2 + i(kes — 2e8)W3 + (Key — 2en)Wa

—i(k,g — %eB)Wo — (kuny — 2ew)W10 — i(kep — oB)W11 — (key — Xen) W12 =0, (A3)
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—ilksg — xsp)Ws — (ksy — xsn)We + i(ksg — xsp)W7 + (ksy — xsn)W
+i(ksg — xsp)Wi13 + (ksy — xsn)Wia + ilksp — xs)W1s + (ksy — xsn)Wi6 = 0, (A4)
(krzB — kyypp)W1 — (ker — kenyen) W2 — (krzB — Keptrp)W3 + (ker — KkenYen)Wa

+ (k7s — keptr)Wo — (kiy — kenzen)Wio — (ks — kegzep) W11 + (ki — kenZen) W12 = 0,

(A5)
— (k3p — ksprsp)Ws + (kiy — ksnzsn)We + (kip — ksprsp) W7 — (kKiy — ksnzsn)Ws
— (kg — kspxsp)W13 + (ky — ksnxsn)Wia + (ks — Kssxse)W1s
— (ky — ksnzsy)wie = 0, (A6)

. _ _ K3
(i(k’p — klpzen) — Ep)wi — (kiy — kinzew + Zon)ws + <

B* rBXrB) - ErB>W3

K% K% K% . _
+ <Bi - (kEN - erNXrN) - ErN>W4 - Fi Ws — F: We — (l(ka - erBXrB) — Ep)Wo

K3
+ (ki — kinzon + Een)Wio + <B

r

(ks — klyen) + ErB>W1 1

+<B* (k kaXrN)'i_n:rN)le _B_;WIS _B_;

Wwig =0, (A7)

K3 K3 , _K: K
—i w3 + —,f wy+ | —i(k$p — k3pxss) + Esp — —i ws + ( (kiy — ksnzsy) + Esn — —i We
B B B§ B
. K% K%
+ (Esp — i(k3p — kspxsp)) w7 + (ky — kingsy + Esy)ws + —= B wir + BZ 12
s 5

: - Kz 3 P - K}
+ (i(ksp — k3pysp) — Esp — Bx )W1s + | —(ksy — ksnysn) — Esy — Br Wig
S

+ (— Esp + i(kdp — k3pxsp))wis + (— (kix — kinxsn) — Esn)wie = 0. (A8)

The junction conditions include the following terms which contain the entire Timoshenko
correction: x5 = M,w?/k, 3G, AT,  yon = — M,0?/k,yG,AT,,  ysp = Msw?/kspGgAgTs,
ASN = — Mswz/ksszsAsTs» E,p = M 1o*i(k,p — LB)/BY,  Ewn= M, 1,0° (k,y — %eN)/BY
ESB = Mslswzi(ksg — XSB)/ngs and ESN = Mslswz(kSN — XSN)/B§< For the Special case Of
Euler-Bernoulli theory, it  suffices to set these terms to  zero,
1B = Yon = AsB = Asn = Z,5 = Z;n = Esp = Egy = 0, and to use kiz =kiv=M +0*/Bf and
ksB = ksN = (Ms(l) — KS — la)Cs)/B*
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APPENDIX B: SYMBOLS AND REFERENCE VALUES FOR SAMPLE RESULTS

Values represent typical Swedish light track on UIC-50 rails (“reference track™).

A, =675% 103 m>
Ag =3-85x10" 2 m?
B = 46 x 10° Nm?
B, = 4294500 N m?
Cs = 6x 10* N's/m?
G, = 762x10'° Pa
Gg = 1-11 x 10'° Pa
I, = 1545 x 10~° m*
Is=1-84x10*m*
Ks = 6x 107 N/m?
K, = 5% 10° N/m

L=065m
Lg=25m

M, =520 kg/m
Mg =100 kg/m
Yo =05m

n = 0-004

ns = 0-01

ny; =015

7, =04

15 = 0-83

cross-sectional area of rail

cross-sectional area of sleeper

Euler-Bernoulli bending stiffness of sleeper (x-axis)
Euler-Bernoulli bending stiffness of rail (y-axis)
damping per unit length (along sleeper) of ballast
shear modulus of rail

shear modulus of sleeper

moment of inertia of rail cross-section

moment of inertia of sleeper cross-section

stiffness per unit length (along sleeper) of ballast
pad stiffness in normal deformation

sleeper spacing

sleeper length

length density of rail

length density of sleeper

sleeper overhang

rail loss factor

sleeper loss factor

pad loss factor in normal deformation
Timoshenko constant for rail (as defined in reference [14])
Timoshenko constant for sleeper (as defined in reference [14])

The complex sleeper, rail, and pad stiffnesses (indicated by a superscripted *) are given by
B¥ = Bs (1 +1ing), Bf = B, (1 +1in), and K} = K, (1 + in,) respectively.
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